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Abstract
Based on a parametric point-wise decomposition, a kind of isospectral deformation, of the exact
one-particle probability density of an externally confined, analytically solvable interacting two-
particle model system we introduce the associated parametric (p) one-matrix and apply it in the
conventional Mu¨ller-type partitioning of the pair-density. Using the Schro¨dinger Hamiltonian of the
correlated system, the corresponding approximate ground-state energy Ep is then calculated. The
optimization-search performed on Ep with such restricted informations has a robust performance
and results in the exact (ex) ground-state energy for the correlated model system Ep = Eex.
PACS numbers: 31.15.ec, 03.65.-w, 03.67.-a, 71.15.Mb
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I. INTRODUCTION AND BACKGROUND
The foundation of the theory of electronic structure of many-body systems is the non-
relativistic Schro¨dinger equation for the many-variable wave function. In the knowledge of
the Hamilton operator, by an approximate wave-function method one can determine the
ground-state energy as a variational expectation value which approaches the exact value
from above. We term such approximations, a well-known prototype of which is the Hartree-
Fock approximation, as wave-function optimal ones. An other class of approximations is
named as density-optimal one, where we work with auxiliary orbitals of a Schro¨dinger-like
equation written by using an effective single-particle potential. This potential is a functional
of the one-particle density, the basic quantity of density-functional theory [1].
Between the above limiting cases there is the approximation which is based on a two-
variable function, the reduced one-particle density matrix. In density-matrix-functional
theory this one-matrix is the basic quantity [2]. With an exact one-matrix not only the
energy term related to the external potential is exact but the kinetic energy term as well.
Unfortunately, we do not know the explicit dependence of the interparticle interaction energy
on the one-matrix. Owing to this difficulty, it has been the tendency in approximate methods
to replace the two-particle density, the diagonal of the second-order density matrix, by ansatz
kernels constructed from the one-matrix and its diagonal, the one-particle density.
This Rapid Communication is devoted to a comparative study using an ansatz kernel
with parametric point-wise representations for the input density and one-matrix. These
are calculated for an exactly solvable one-dimensional model atom with two harmonically
interacting externally confined particles. The model chosen constitutes a cornerstone in a
large variety of fields in physics. It was introduced firstly by Heisenberg in order to discuss
the He atom problem [3]. Its application to nuclear physics dates back to Moshinsky [4].
Below we summarize the necessary background needed to our present variational study.
Using atomic units, the time-independent Schro¨dinger equation is solved for the singlet
ground-state with the following [3, 4] one-dimensional Hamilton operator
Hˆ = − 1
2
(
d2
dx21
+
d2
dx22
)
+
1
2
ω20(x
2
1 + x
2
2)−
1
2
Λω20(x1 − x2)2, (1)
which models, with coupling constant Λ > 0, the repulsive interaction of two quantum
particles in a confining external field characterized by ω0. The analytic solution is based on
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standard canonical transformations, X+ = (x1 + x2)/
√
2 and X− = (x1 − x2)/
√
2, of space
variables. For the ground-state wave function one gets in the original variables
ψ(x1, x2) =
(ω1 ω2
pi2
)1/4
exp
[
−1
4
(x21 + x
2
2)(ω1 + ω2)
]
exp
[
−1
2
x1x2(ω1 − ω2)
]
, (2)
where ω1 ≡ ω0 and ω2 ≡ ω0
√
1− 2Λ. The inseparability, except at Λ = 0, into a simple
product form is transparent, and we have the Λ ∈ [0, 0.5) range for stability.
The exact ground-state energy, denoted by Eex, of the state ψ(x1, x2) with Hˆ is
Eex =
1
4
(ω1 + ω2) +
1
2
ω20
ωs
− 1
2
Λ
ω20
ωs
(
2− ωs
ω1
)
, (3)
where ωs ≡ 2ω1ω2/(ω1 + ω2). This equation shows that the virial theorem for limited motion
is satisfied. The exact total energy Eex = (1/2)(ω1 + ω2) and single-particle (see, below)
density n1(x) were already [5] applied as constraining inputs in order to demonstrate the
complete Hohenberg-Kohn-Sham path with density-functionals [1, 6]. The unique effective
single-particle potential Vs(x), to a Schro¨dinger-like equation, was determined as well
Vs(x) =
1
2
ω2s x
2 +
(
µ− 1
2
ωs
)
,
where µ = (ω1 + ω2)
2/4ω2 is the Lagrange multiplier (chemical potential) introduced along
the path of a constrained (fixed number of particles) minimization with functionals. The
local many-body potential [Vs(x)− (1/2)ω20 x2] is model-specific, i.e., it is not universal.
With ψ(x1, x2) the reduced one-particle density matrix can be calculated from
γ(x, x′) =
∫ ∞
−∞
dξ ψ(x, ξ)ψ∗(x′, ξ), (4)
and its diagonal, x = x′, gives the normalized single-particle probability density n1(x) as
n1(x) =
(ωs
pi
)1/2
exp
(−ωs x2) . (5)
Mathematically, the mapping between γ(x, x′) and n1(x) is a linear one. The auxiliary orbital
to a density-based product form ψs(x1, x2) = φs(x1)φs(x2) is simply φs(x) =
√
n1(x). Notice
that in the direct path from the correlated wave function to the single-particle probability
density we may loose physical informations (see, below for a concrete example) since the
mapping between the exact wave function and the one-matrix is a nonlinear one. Precisely,
it is this nonlinearity which makes the challenging inverse path from a given density n1(x)
back to the wave function ψ(x1, x2) a highly nontrivial (at Λ 6= 0) problem [6].
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II. PARAMETRIC MODELING AND RESULTS
In order to show more important details to the above-outlined a direct path, and thus
establish our variational idea which will be based on an inverse path, we decompose ψ(x1, x2)
by applying to it Mehler’s [7, 8] formula. After simple calculations, we get
ψ(x1, x2) =
∞∑
n=0
zn(1− z2)1/2
[( ω¯
pi
)1/4 1√
2n n!
]2
e−
1
2
ω¯(x21+x
2
2) Hn(
√
ω¯x1)Hn(
√
ω¯x2) (6)
in terms of Hermite polynomials, where z ≡ −(√ω1 −√ω2)/(√ω1 +√ω2) and ω¯ ≡ √ω1ω2.
We stress that in the above Schmidt decomposition [9] of ψ(x1, x2) the sign of z depends
on the sign of the interparticle coupling Λ. This information on repulsion or attraction
(Λ < 0), encoded of course in the second exponential of Eq. (2), is lost when one calculates
the one-matrix by Eq. (6) from its definition given by Eq. (4). We obtain
γ(x, x′) =
∞∑
n=0
Pn
[( ω¯
pi
)1/4 1√
2n n!
]2
e−
1
2
ω¯(x2+x′2) Hn(
√
ω¯x)Hn(
√
ω¯x′), (7)
where Pn(Λ) = (1− ξ) ξn, in terms [10] of ξ ≡ z2, and
∑∞
n=0 Pn = 1.
For the dimensionless parameter ξ(Λ) we have the range of ξ ∈ [0, 1], since
ξ(Λ) =
[
1− (1− 2Λ)1/4
1 + (1− 2Λ)1/4
]2
. (8)
Due to the sign-insensitivity of Pn on the interparticle coupling, there is a duality property
[8, 11] of information-theoretic entropies based on such occupation numbers. This duality
means that to any allowed repulsive coupling there exists a corresponding attractive one
for which the calculated entropies should be equal. Along the above direct path the unique
decomposition of the probability density n1(x) becomes
n1(x) =
∞∑
n=0
Pn
[( ω¯
pi
)1/4 1√
2n n!
e−
1
2
ω¯x2 Hn(
√
ω¯x)
]2
. (9)
Based on careful pioneering works [12, 13], we already used [14, 15] instead of the exact
pair-density, a parametric [with the (q + r) = 1 condition] ansatz kernel
K(q, r, x1, x2) = 2n1(x1)n1(x2)− γq(x1, x2) γr(x1, x2), (10)
with the above inputs taken at given ξ(Λ), in order to determine a parametric interparticle
interaction energy (the last term) in the corresponding total-energy expression
Eq,r =
1
4
(ω1 + ω2) +
1
2
ω20
ωs
− 1
2
Λ
ω20
ωs
[
2− (1− ξ
q)(1− ξ1−q)
1 + ξ
]
. (11)
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By a direct comparison of Eex and Eq,r, we obtained equality if and only if q = r = 0.5.
Of course, in such a symmetric case for the operator-powers the parametric normalization
of the kernel K(q, r), which is given by (1 − ξ)q+r/(1 − ξq+r), is satisfied as well. In other
words, we have a proper global normalization for the exchange-correlation hole described
otherwise by the physical [1] pair correlation function of the many-body system. In recent
attempts by taking q = r 6= 0.5, this fundamental rule is violated, as was mentioned [16, 17]
explicitly. We will return to such parametrization in our last section.
In the light of the above, we arrived at the point where we can clearly state our idea on
a parametrization based on the one-variable form of the exact density in Eq. (5). The idea
rests on application of Mehler’s formula [7] directly to a given n1(x). We obtain
n1(x) =
∞∑
n=0
Pn
[(ωp
pi
)1/4 1√
2n n!
e−
1
2
ωpx2 Hn(
√
ωpx)
]2
, (12)
where Pn = (1 − ξp)(ξp)n with, of course,
∑∞
n=0Pn = 1. Mathematically, this is also a
point-wise [now, parametric (p)] decomposition under the mild (ωp ≥ ωs) constraint
ωs = ωp
1− ξp
1 + ξp
. (13)
Notice at this important point that such direct decomposition of the basic variable of density-
functional theory may form the background to the recently proposed [18] extended Kohn-
Sham-like approach, in which the fractional occupation numbers could provide an enough
flexibility beyond the conventional attempt where P0 = 1 since ωp = ωs. Our idea is similar
in spirit to the proposal made earlier [19] within an extended Thomas-Fermi scheme to go
beyond the Fermi-Dirac step-function, i.e., the ideal momentum distribution.
Next, following Harriman’s [20] enlightening pioneering work, we write the one-matrix
by using ξp and ωp subject to the above constraint into the following parametric form
γp(x, x
′) =
∞∑
n=0
Pn
[(ωp
pi
)1/4 1√
2n n!
]2
e−
1
2
ωp(x2+x′2) Hn(
√
ωpx)Hn(
√
ωpx
′). (14)
This new form is applied when we calculate the parametric (ξp) kinetic energy. The re-
parametrized kernel, denoted by Kp(q, x1, x2), to be applied to determine the interparticle
interaction energy takes the form of
Kp(q, r, x1, x2) = 2n1(x1)n1(x2)− γqp(x1, x2) γrp(x1, x2). (15)
The required operator power (q) is obtained, as before with Pn and ξ(Λ) in γ(x, x
′), by the
simple change Pn ⇒ (Pn)q in the one-matrix γp(x, x′).
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The freedom via ξp in Eq. (14) allows us to write instead of the auxiliary, lower bound,
Ts = (1/2)ωs of conventional density-functional theory, a parametric kinetic energy as
Tp(Λ, ξp) =
1
2
ωs
(
1 + ξp
1− ξp
)2
, (16)
which shows that we can tune the kinetic energy into the proper direction when ξp 6= 0, i.e.,
when we have noninteger occupation numbers for parametric orbitals. Unfortunately, this
desired opportunity could give only a monotonic change since, as it is well-known, there is
no upper bound for the kinetic energy. Furthermore, with the exact density as input, the
potential energy in the external field [the second term in Eq. (3)] is parameter-free.
However, using the parametric Mu¨ller-type approximation prescribed by Eq. (15), we can
define a kind of constrained-search [21, 22] within a framework fixed only by the exact density
and the associated (parametric) one-particle density matrix as inputs. After straightforward
calculation we get for the approximate ground-state energy
Ep(q,Λ, ξp) =
1
2
ωs
(
1 + ξp
1− ξp
)2
+
1
2
ω20
ωs
− 1
2
Λ
ω20
ωs
[
2− (1− ξ
q
p)(1− ξ1−qp )
1 + ξp
]
. (17)
This form shows transparently the ξp-dependent terms of kinetic and interparticle origin.
When ξp ≡ 0 and we treat ωs as a variational parameter instead of fixing it to the Kohn-
Sham (KS) value, we recover the well-known [4] Hartree-Fock result where ωHF = ω0
√
1− Λ,
thus EHF = 2ω0
√
1− Λ, and we have a product-form ground-state as (with ωs) in KS.
Making differentiations in Eq. (17), firstly [13] at q = r = 0.5, we obtain as condition√
ξp
1− ξp
(
1 + ξp
1− ξp
)3
= Λ
(
ω0
2ωs
)2
≡
√
ξ
1− ξ
(
1 + ξ
1− ξ
)3
(18)
at the exact input-density, i.e., at fixed ωs in the Kohn-Sham auxiliary orbital. To get the
unique right-hand-side, the shorthands introduced earlier at Eqs. (2-3) are employed. The
solution is ξp(Λ) = ξ(Λ). Therefore, starting from the point-wise decomposition of the exact
density we arrive in our method with variable occupation numbers and fixed q, at the exact
ground-state energy Ep[q = 0.5,Λ, ξp(Λ)] = Eex of the correlated model. Our isospectral
deformation (a quantum analog of the isoperimetric problem of Queen Dido of Carthage) of
a real input n1(x) seems to be useful to treat a correlated two-body system. This conclusion
on a prototype model is similar to the one based on the single-particle Green’s function of
many-body theory [23] on a degenerate Fermion system. There, the ground-state energy and
the momentum distribution are completely determined by that function. The quasiparticle
weight [24], in our case, could be (P0 − P1) = [1− ξp(Λ)]2.
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FIG. 1: The ratio R(Λ) ≡ ξp(Λ)/ξ(Λ) as a function of Λ. Dashed and dash-dotted curves refer,
respectively, to q = 0.4 and q = 0.3.
At small interparticle coupling we get ξp(Λ, q = 0.5) ∼ Λ2, i.e., a similar scaling as in
Wigner’s correlation energy defined by (Eex−EHF ) = (1/2)(ω1+ω2−2ωHF ) ∼ (−Λ2). Such,
traditional, definition differs from the one used in modern density-functional theory where
one introduces (1/2)(ω1 + ω2 − 2ωs) as exchange-correlation energy. Within the physically
restricted class for approximate pair-densities with (q+ r) = 1 now we analyze, without the
loss of generality, the q = 0.5 + δ case where the fixed (say, |δ| < 0.2) deviation measures a
slight departure from the successful symmetric [13] case investigated above.
The corresponding variational constraint on the energy results in
ξqp
q (ξ2q−1p − ξp) + (1− q)(1− ξ2qp )
(
1 + ξp
1− ξp
)3
= Λ
(
ω0
2ωs
)2
. (19)
The solution of this constraining equation becomes ξp(q = 0.5 + δ,Λ → 0) ∼ Λ2/(1+2|δ|). In
Fig. 1 we plot an informative ratio R(Λ) ≡ ξp(Λ)/ξ(Λ), at two illustrative values q = 0.4
(dashed curve) and q = 0.3 (dash-dotted curve). In general, ξp(q = 0.5 + δ,Λ → 0) ≥
ξ(Λ→ 0) but the situation changes as soon as Λ grows. For large values of Λ, we have an
opposite behavior ξp(q = 0.5 + δ,Λ→ 0.5) ≤ ξ(Λ→ 0.5). For each values of q, there exists
a value (Λ0) of the coupling for which R(Λ0) = 1.
In the light of Fig. 1, we turn to an information-theoretic investigation of the above case.
Here we restrict ourselves to the purity Π and the associated linear entropy L = 1−Π, as in
a recent calculation [25] on the model system with triplet configuration. The purity is the
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inverse of the degree-of-correlation [26] and is defined by
Πp(ξp) =
∞∑
n=0
[Pn(ξp)]2.
The summation, performed with our occupation numbers Pn = (1− ξp)(ξp)n, results in
Πp(ξp) =
1− ξp(q,Λ)
1 + ξp(q,Λ)
, (20)
showing a deviation from idempotency at finite value of the interparticle coupling.
The inequality obtained above at small enough Λ shows that Lp[ξp(q 6= 0.5,Λ)] ≥ L[ξ(Λ)].
However, we got Lp[ξp(q 6= 0.5,Λ)] ≤ L[ξ(Λ)] at high enough Λ. Therefore, our consideration
of an information-theoretic measure [27, 28] of the minimum entropy deficiency principle,
i.e., minimum missing information principle, demonstrates that such quantity alone is not
applicable as good measure of how correlated a Hamiltonian is, in complete agreement with
the forecast [28]. We stress that our conclusion is based on the simultaneous consideration
of the kinetic and potential energy components of an expectation value. A consideration
based only on the kinetic component would orient us into the wrong (maximum entropy)
direction, since in that case only a monotonic change would be allowed in the entropy.
III. SUMMARY AND COMMENTS
The point-wise-decomposed forms for the exact single-particle probability density and
associated one-matrix of an exactly solvable interacting model atom are used in order to
analyze energies obtained by a Mu¨ller-type approximation for the pair-density. From the
analysis we found that the flexibility of the parametric method developed is robust, and thus
it can be a practically useful one among approaches which rest on restricted informations
in absence of the exact wave function for a given Schro¨dinger Hamiltonian. In fact, our
method can be considered as an extended [18] Kohn-Sham approach suggested recently. Its
future extension, by using time-dependent occupation numbers [29–31], to the time-domain
could be equally important [32] since the time-dependent density functional theory is based
on mapping [33] and not on a variational constraint with Schro¨dinger Hamiltonian.
Of course, the knowledge of a precise single-particle density is important in the method
investigated. As it is well-known [34] from practical density-functional theory, approximate
densities could make dominating errors in many situations beyond those errors which are
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due to an approximate functional. Our method could allow a desired future investigation
on this challenging problem by changing slightly, for instance, the frequency in the Kohn-
Sham orbital. Furthermore, the (q = r) 6= 0.5 approximation, in which one violates a
normalization condition [1], could be a practically useful one according to numerical tests
on different systems [16, 17]. In such treatments values of about (q = r) ∈ [0.525, 0.65] are
suggested. In our isospectral deformation method the (q = r) 6= 0.5 case would require a
simple change in the last term of Eq. (17) to
− 1
2
Λ
ω20
ωs
[
2− (1− ξ
q
p)(1− ξrp)(1− ξp)q+r+1
(1 + ξp)(1− ξq+rp )2
]
.
Finally, beyond the correlated two-particle case, an extension to the many-particle case
could start with the so-called radical [35] Kohn-Sham framework where one represents the
spherical [13] ground-state density in terms of one orbital.
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